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ABSTRACT

We construct a new version of syntomic cohomology, called rigid syntomic
cohomology, for smooth schemes over the ring of integers of a p-adic field.
This version is more refined than previous constructions and naturally
maps to most of them. We construct regulators from K-theory into rigid
syntomic cohomology. We also define a “modified” syntomic cohomology,
which is better behaved in explicit computations yet is isomorphic to rigid
syntomic cohomology in most cases of interest.

1. Introduction

The syntomic cohomology, more precisely the cohomology of the sheaves s(n)
on the syntomic site of a scheme, was introduced in [FM87] in order to prove
comparison isomorphisms between crystalline and p-adic étale cohomology. It
can be seen as an analogue of the Deligne-Beilinson cohomology in the p-adic
world (for an excellent discussion see [Nek98]). In particular, when X is a smooth
scheme over the ring of integers V of a finite extension K of @, there should
exist higher Chern classes from algebraic K-theory into the syntomic cohomology
of X. Such classes have been constructed, sometimes under certain additional
assumptions, by Gros [Gro90] and by Niziol [Niz97).
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Syntomic cohomology comes in different flavors (much like Deligne—Beilinson
cohomology). The versions discussed above are well behaved only for proper
schemes. In particular, they do not have the homotopy property for affine spaces.
This makes computations difficult because most constructions in K-theory go
through non-proper schemes.

In [Gro94], Gros introduced, using the rigid cohomology of Berthelot
[Ber96, Ber97], rigid syntomic cohomology for a scheme X which is smooth
over an unramified base. When the scheme X is affine he constructed rigid
syntomic regulators,

ciji Kij(X) = H* (X, 5(i) x/K rig)

from K-theory into his rigid syntomic cohomology. Gros was able to show that
the value of the syntomic regulator on certain cyclotomic elements in the higher
K-theory of number fields is, when properly normalized, given by the values of
p-adic polylogarithms at roots of unity.

It should be mentioned here that there is another method of “controlling”
syntomie cohomology, due to Somekawa [Som99]. In this method one assumes X
has a compactification where the complement is a relative normal crossings divi-
sor. Somekawa was able to prove the result of Gros for all cyclotomic elements.

The following philosophy exists:

PHILOSOPHY 1: There should be a p-adic Beilinson conjecture that relates special
values of p-adic L-functions to syntomic regulators.

Special cases of this are the results of [Gro90] and [KNQD98]. One should
be able to derive some general conjecture from [PR95]. For results about CM
elliptic curves see the discussion below.

The main result of this work is an extension of the constructions of Gros to
an arbitrary smooth finite type V-scheme X, where V is any complete discrete
valuation ring with a perfect residue field of characteristic p. For such a scheme
X we define in section 6 syntomic cohomology ijn(X ,n) and in section 7 we
construct Chern classes from K theory to it. Our definition takes into account
more growth conditions than that of Gros: we also consider log singularities. The
result is that Hgyy is always finite dimensional (Proposition 6.3). Our cohomology
maps when possible to the version of Gros (Proposition 9.5) and to the version
of Niziot (Proposition 9.9).

Another objective of this work is to begin to develop tools for computations in
syntomic cohomology. Our main result here is the construction of a modified
syntomic cohomology, denoted H} (X, *), in section 8. This cohomology is



Vol. 120, 2000 SYNTOMIC REGULATORS I 293

related to syntomic cohomology by a natural map (Proposition 8.6.2} which is an
isomorphism in most cases of interest (Proposition 8.6.3). It is significantly easier
to compute when the base V is ramified. We have also found that the original
rigid syntomic cohomology of Gros (without log singularities), extended to the
case of ramified base, is useful in some computations (see for example [BdJ99)).
It again can come with an original or modified flavor, the latter being most useful.

Let us discuss a bit of applications. In a sequel to this paper [Bes99a] we
compute the syntomic regulator K3(X) — HZ,(X,2) when X is smooth and
proper of relative dimension 1 over V. We show that there is a precise relation
between this regulator and the p-adic regulator constructed by Coleman and de
Shalit [CdS88]. In particular, for elliptic curves with complex multiplication their
results in conjunction with ours relate the syntomic regulator with special values
of a p-adic L-function of F, in line with the Philosophy 1.

In [Bes99] we will build on the results of this paper and embed syntomic
cohomology in some other “cobomology theory” which has Poincaré duality.
This is very useful for computations involving cycles. We will show how to re-
late p-adic Abel-Jacobi maps to a generalization of Coleman’s p-adic integration
theory [Col85].

Finally, in [BdJ99] we intend to show how to compute syntomic regulators on
the wedge complexes introduced in [DJ95] using p-adic polylogarithms. This is
a generalization of the results of Gros on cyclotomic elements described above.

ACKNOWLEDGEMENT: We would like to thank Gros, Berthelot, de Jeu, Scholl
and Gabber for helpful conversations. Parts of this work were done while staying
at the SFB 478 “Geometrische Strukturen in der Mathematik” in the University
of Miinster and at IHES. We would like to thank both institutions. Finally, we
would like to thank the referee for some helpful comments.

Notation: Throughout this work V is a complete discrete valuation ring with
maximal ideal p, quotient field K and residue field x of characteristic p. When
& is perfect we let Vo C V be the Witt ring of « and Ky its quotient field. Much
of the theory can be carried out without the assumption that V is discrete, but
since some results we need are not yet documented in the literature we prefer to
make this additional assumption.

All schemes will be separated and of finite type over their respective bases. We
let Compl (respectively Comply when K is a field) denote the category of bounded
below cohomological complexes of abelian groups (respectively K-vector spaces).
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2. Canonical resolutions

One of the difficulties in constructing Chern classes from higher K-theory into a
cohomology theory is that one has to realize the cohomology theory as the coho-
mology of a complex which is functorial on the category of schemes. This means
that many of the constructions one makes on the level of cohomology or of the
derived category have to be refined by using some canonical resolution. As an ex-
ample, in [Hub95] Huber systematically uses a Godement resolution to eventually
obtain Chern classes into her absolute cohomology. In our constructions we will
need to consider the cohomology of rigid analytic spaces, which unfortunately
do not have enough points so that at least naively a Godement construction is
impossible on them. In fact, one can replace the usual rigid spaces by spaces
with enough points obtaining an equivalent sheaf theory [vdPS95]. Since not
everything we need is documented in the literature at the moment, we have cho-
sen to use instead the approach of Beilinson [Bei85, 1.6.5] where it was used to
construct Zariski sheaves computing Deligne cohomology.

Suppose we are given a category A and a functor D — Up, f — fy, from
A into the category of sites with continuous morphisms (we could work directly
with toposes instead). Then one can consider the category B whose objects are
pairs (D, F) where D € A and F is a sheaf on Up. A map (D, F) — (D', F')
consists of a map f: D — D' in A together with a map of sheaves F/ — fy.F.
Then B is, in the terminology of [SD72, 1.2.2], bifiltered by toposes over A
(loc. cit., 4.1.0). We can consider the section category I'(B) of loc. cit., 1.2.8.
Explicitly, an object of F' € [(B) is given by a collection of sheaves Fp on Up,
for every D € A, together with morphisms of sheaves f*: Fp» — fy.Fp for every
morphism f: D — D' in A such that one has

(2.1) (fog)*=g*of*, id"=id

By loc. cit., 1.2.12, ['(B) is a topos. By loc. cit., 1.3:10 there is a collection Ig of
abelian objects of I'(B) such that the following two properties hold:
e Any abelian F' € T'(B) injects into I € Ip.
e For I € Ig and for any D € A, the sheaf Ip on Up is flasque (in the sense
of loc. cit.).

Suppose then that we are given a complex of abelian objects F* in ['(B) and
that we want to find a contravariant functor 4 — Compl, D — C3, in such a
way that C3 represents RT'(Up, Fp) and that if f: D — D' is a morphism in
A, then the map f*: C’,‘_,, — C% induces the obvious map on cohomology. Since
flasque sheaves are acyclic with respect to the global section functor all we have
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to do is find a resolution I°® € Ig (i.e., that I™ € Ig for all n) for F* and take
Cp =T (Up, I3). This is the basic construction that we need.

This idea can be extended to diagrams of sheaves: Suppose that we have a
diagram of complexes in I'(B) indexed by the small category J. In other words,
for each D € A we are given a diagram of complexes of sheaves on Up, j — Fj’p
such that all the diagrams

F].,D’ ——— F]'.I,DI

.

L] [ ]
Fip——Fjp

commute. We can define a functor from JOP x A to sites by composing the old
functor with the projection to the second factor. Then we see that our diagram
becomes an object of the corresponding section category. Resolving it we now
get for each D and for each j a flasque resolution of F} 5, on Up and taking the
global section functor again we obtain a functor J x A — Compl whose value at
(4, D) represents RT'(Up, F} p).

Remark 2.1: One can try to generalize this idea to obtain completely canonical
resolutions using the canonical section of the fibration B x 4 B. Some set the-
oretical problems seem to arise this way. It appears however that Gabber can
define completely canonical resolutions using an extension of the canonical Barr
resolution.

Since the resolutions we obtained are not injective there could a-priori be a
problem of the uniqueness of the theory obtained in this way. This is easily
settled however: Suppose that one obtains two functorial resolutions, I3 and I3,
to F*. Resolving now the diagram I} < F* — I3 we obtain a diagram

I3<~—1I3—>1¢

RN

B <~—p —>0

and taking global sections we see that we have 5 different functorial complexes
connected by functorial quasi-isomorphisms. Whichever way we continue to tor-
ture these complexes it will be clear that the 5 possible complexes one obtains
preserve this connectivity property. This of course implies that the cohomology
of all complexes is canonically isomorphic and also it is standard to obtain from
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this (see for example the proof of Proposition 9.9) that the theories of Chern
classes one eventually obtains are independent of choices.

With this much said we can allow ourselves a bit of freedom in choosing our
complexes. As an example we will define our rigid complexes in section 4 with
respect to one choice of canonical resolutions, but when we compare our rigid
complexes with the de Rham complexes in section 5 these complexes will change
because we will be resolving additional sheaves and spaces. The above remarks
guarantee that nothing is damaged by this procedure.

Finally, we can use similar ideas to define products: Suppose we have in ['(B)
a map F* ® G* — H*. In our applications we will assume that all sheaves are
of K-modules, where K is a field, so flatness problems do not arise. We can
resolve F'* and G* by Iy and I respectively. Now we can resolve the diagram
I ®I% + F*® G* — H* and get J('I;@’Ia) — J('F.®G.) — Jg. Remembering
that we have a map I ® I — J{I;
each D € A a diagram

®I2) and taking global sections we get for

I(Up, I3) ®T(Up, 1&) = T(Up, Sz g1s)) <— [(Up, I{pegan)) = T(Up, Ji):

Here it is implicit in the notation that global sections on Up are taken with
respect to the section sheaf at D. Thus we obtain a functorial cup product in
the derived category.

3. The quasi-fibered product and cup products on cones

We describe a bit of homological algebra that we need. Nothing is really new
here but we want to record things in a way convenient for use.

Suppose we are given complexes X*®, Y* and Z*® with maps f: X* — Z* and
g:Y® — Z*. Then one can form the naive fibered product X*® x z. Y* whose n-th
component is X™ x z» Y™. It is of course equal to the kernel of f —g: X*®Y* —
Z*. Therefore, one should prefer to use instead the slightly different construction,
called the quasi-fibered product, X*x z.Y* := Cone(f — g)[—1]. We have the
well known

LEMMA 3.1: In the situation above, if the map f — g is surjective, then the two
constructions are quasi-isomorphic via the map

(3.1) (z,9) = (z®y,0).

It will be convenient to use both constructions in what follows.
Notice that we have canonical maps

(3.2) Z°[-1] —> X*xzY* L> X*@Y*
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coming from the cone construction. Let us write p4 and pg for the composition
of p with the first and second projection respectively. The following construction
of the cup product is a variant of one of Niziot [Niz93], which is itself a variant of
a construction of Beilinson. Alternatively, it is a special case of the construction
of [Bei86, 1.11]:

LEMMA 3.2: Suppose we are given complexes X, Y,*, Z? and maps f;, g; as
above for i = 1, 2,3, and that we are given maps of complexes U: X7 ® X3 — X3,
and similarly for Y and Z, which are (strictly) compatible with the maps f; and
g; in the obvious sense. Then:
1. There exist a map (bottom horizontal), making the following diagram com-
mute, where the top horizontal map is induced by the maps U.

(X? xz; Y) ® (X3 xz3 Y5) = X3 Xz Y3

| |

(X$%z:Y?) ® (X3X 23 V3) ——> X3 53 V5.

2. On cohomology the induced cup product is compatible with the cup prod-
ucts on X'’s and Y'’s via the projections p4 and pg. One has the following
projection formula for z € H*(Z}) and w € H*(X3x z3Y5):

((12)4(2)) Uw = (i) [2U (92)+ (PB, )« w] .

Proof:  (Compare with [Niz93, Prop. 3.1] or [Bei86, Lemma 1.11]) One chooses
a parameter v and defines the cup product by the formula

(21,91, 21) U (22,92, 22) =(z1 U Z2,51 U o,
(3.3) 21U (7f2(2) + (1 — 7)g2(y2))
+(=1)%E7 (1 = 7) fulz1) + 791(y1)) U 22).

All of these products are known to be homotopic for different values of v. Check-
ing the required properties is straightforward from this formula, including the
compatibility with ps and pg. For the projection formula one specifies v = 0.
|

The quasi-fibered product can be used to invert quasi-isomorphisms in a canon-
ical way. This is done quite often in [Hub95] except that there the dual construc-
tion of the quasi-pushout was being used. We want to describe this in a systematic
way so that we do not have to mention it explicitly any more.
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The problem is as follows: Suppose we are given a map in the derived category
of complexes between complexes X*® and Y*. We want to consider the cone of this
map. Unfortunately it is well known that this cone is only unique up to a non-
canonical quasi-isomorphism. In particular, if X* and Y* are instead presheaves
of complexes the associated cone cannot be naively made into a presheaf. If
we are instead given an explicit and functorial description of the morphism in
question, then we can construct a cone quite easily using the quasi-fibered prod-
uct: Suppose the morphism is given by a sequence of morphisms connecting
X*® to Y* and all the morphisms that are going “in the wrong direction” are
quasi-isomorphisms.

Definition 3.3: In the situation above we will say that there is a map X* —» Y*
in the generalized sense. If X* and Y* are functors C — Compl we will say that
the map X* — Y* in the generalized sense is functorial if all the intermediate
maps are functorial as well.

We can always assume that the situation is given by the following diagram,
(3.4) X2 <—— 252 23 <7 - Zp YY",

with all the left pointing arrow quasi-isomorphisms. Indeed, if two arrows point in
the same direction we can simply compose them and if the leftmost or rightmost
arrows were left pointing quasi-isomorphisms we could simply replace X*® by Z7
or Y* by Z2. Thus the situation described above can always be reached. Now
we simply replace this diagram by the diagram

(X' = X')?z;Zz.) — Z; -~ Z:l — Y"

where the first arrow is the composition of the projection on Z3 with the map
Z$ — Z3. One checks easily that because Z3 — Z7 is a quasi-isomorphism so
is the projection X* - X* and the map X - Z3 induces on cohomology the
same map as H(X*®) — H(Z3). Repeating this process we obtain a diagram

N

such that the vertical map is a quasi-isomorphism and such that on cohomology,
where the dotted arrow exists, the diagram is commutative. Thus, the cone of
X* 5 Y* is a good replacement for the cone of the nonexistent map X*® — Y.
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Sometimes it will be possible to replace a morphism in the generalized sense
with an honest morphism, as follows from the following trivial lemma.

LEMMA 3.4: Suppose that we have, in the situation of diagram (3.4), a map of
complexes R* — S*® and morphisms from R® to all the Z? making the extended
diagram

X* 7 A >y
R* g*

commute. Then we get a map R* — X* from the maps R* — Z? and this map

makes the diagram
—> S
[V, Y

In particular, we get a map of cones Cone(R®* — §*) — Cone(X* — Y*). This
map will be a quasi-isomorphism if the maps R®* — X*® and S®* —» Y* are.

Finally, application of Lemma 3.2 shows that if we have 3 diagrams as in (3.4)
an original, primed and double primed, and if we have products X*® X'* —» X"'*
and similar products with the Z’s and Y, and all are compatible, then there would
also be products X* ® X’* — X"’* compatible with the maps to the Y’s.

kllﬁ—h

commute.

4. Rigid complexes

Syntomic cohomology has two main components, rigid and de Rham cohomology.
Rigid cohomology was defined by Berthelot (see [Ber97]) as the cohomology of
an object in the derived category of vector spaces which is independent up to
quasi-isomorphism of some auxiliary data. For the purpose of constructing Chern
classes it is vital to replace these objects by canonically defined complexes, func-
torial with respect to the underlying scheme. This turns out to be a nontrivial
task. We would like to thank Berthelot for pointing out a serious mistake in our
original argument.

We will consider schemes which are separated and of finite type over k. We
will associate our rigid complexes with such a scheme X.

We introduce the required auxiliary data following Berthelot. Let j be an open
embedding j: X — X into a proper s-scheme X. Consider a closed immersion



300 A. BESSER Isr. J. Math.

X < P into a p-adic formal V-scheme P which is smooth in a neighborhood of
X. We call the triple (X, j,P) a rigid datum for X and most of time, when j
is clear from the situation, we will abbreviate this to (X, P).

For the formal scheme P there is an associated rigid analytic K-space, the
generic fiber of P, denoted Px. There is a canonical specialization map
sp: Px — P, which is continuous when Pg is given its strong Grothendieck
topology and P its Zariski topology. Berthelot introduces the notion of a tube.
If Y is a locally closed subset of the special fiber of a formal V-scheme P, the tube
of Y in P, denoted |Y|[p, is a rigid analytic K-subspace of Px whose underlying
set is the set sp~1(Y) of points whose specialization is in Y.

Now let Z = X — X. Berthelot introduces the notion of a strict neighbor-
hood of ] X[p inside ]X[p. By definition this is a subset U C ]X[p, open in the
strong Grothendieck topology, such that {U,}Z[p} is a covering of |X[p in the
same topology. Let V be such a strict neighborhood. Berthelot defines a functor
4t from the category of sheaves on V to itself by

iN(F) = lim ju,F,
U

where the direct limit is over all U which are strict neighborhoods of |X[p in
]X[p contained in V and jy is the canonical embedding.

Definition 4.1: (Berthelot). In the situation described above, the rigid com-
plex in the derived category of X with respect to the auxiliary data (X,P)
is defined by

Rl (X/K)x = RO(X[p, 5100, )

Our task is to replace the object defined above in a derived category by a
canonical complex representing it. We first explain the required functoriality for
these complexes. We will call the datum (X, X, P) a rigid triple. These will
form a category under a certain class of morphism which we are about to define.

Definition 4.2: Let (X, X,P) and (Y,Y,P’) be two rigid triples and let f: X —
Y be a morphism of k-schemes. Let V be a strict neighborhood of [X[p in
|X[p and let F: V — Pj be a morphism of K-rigid spaces. We say that F
is compatible with f if F maps |X[p into ]Y[p: and there is a commutative
diagram

[X[p ——> Yo

-

X Y.
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LEMMA 4.3: Suppose, in the notation of the previous definition, that U is a
strict neighborhood of |Y[p: in |Y|[p: and that F is compatible with f. Then
F~Y(U) is a strict neighborhood of | X[ in | X|[p.

Proof: We first prove the lemma under the assumption that U = ]Y[p:. Let
g: X = X x Y be defined by g(x) = (z, f(z)) and let G: V — P x P be
defined by G(z) = (z, F(z)). Let W be the closure of the image of g in X x Y.
We claim that G~ (JW[pxp:) is a strict neighborhood of | X[p in | X[p. This will
finish the proof of the lemma in this case because G~} (|[W[pxp') C F~1(|Y][p)
(because W C X x Y). To prove the claim, let Z = (X — X) x P'. This is a
closed subset of P x P'. It is easy to see that G(V) C |ZUW{pxps. Indeed,
for z € V either z € | X[p, in which case F(z) € |Y[ps and sp(F(z)) = f(sp(z))
so sp(G(z)) = g(sp(x)) € g(X) C W, or sp(z) € X — X and then sp(G(z)) =
(sp{z),sp(F(x))) € Z. According to [Ber96, Proposition 1.1.14.ii] the covering
1Z U Wipxp = |Z[pxp U]W[pxp is admissible. Since G is continuous we find
that the covering V = G71(|Z[pxp) U G"Y(|W(pxp:) is also admissible. We
now notice that G*(]Z[pxp') C VN]X — X[p so finally V = (VN]X — X[p)U
G !(W|pxp) is also an admissible covering. This implies ([Ber96, Remark
1.2.3(iv))) that G=*(JW[pxp') is a strict neighborhood of | X[p in |X[p and
therefore the lemma in the case U = |Y[p'.

For the general case we may therefore assume now, by shrinking V if needed,
that F(V) C ]Y[p:. The proof now is an easy modification of [Ber96, Proposition
(1.2.7)]. Since {U,]Y — Y[p/} is an admissible covering of ]Y[p it follows that
{F~YU),F~(]Y ~ Y[p:)} is an admissible covering of V. The assumption that
F is compatible with f implies in particular that F~*(]JY — Y[p:) C |Z[p N V.
From this the lemma follows. B

We write Homy(V, Py ) for the collection of morphisms V' — Py compatible
with f.

Definition 4.4: Let (X, X,P) and (Y,Y,P’) be two rigid triples. We define
Hom((X, X, P), (Y,Y,P’)) to be the collection of all pairs (f, F) where f: X — Y
is a k-morphism and F € lim v Hom¢(V,Pk), where V runs over all strict
neighborhoods of | X|[p, i.e., F is a germ of a morphism compatible with f.

It follows immediately from Lemma 4.3 that germs of compatible morphisms
can be composed. Thus, the collection of rigid triples together with their mor-
phisms form a category, which we denote by RT.
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PROPOSITION 4.5: There exists a functor
RT — Comply, (X,Y,’P) > RF,ig(X/K)f,P,

such that for each rigid triple the corresponding complex represents its namesake
in the derived category.

Proof: Consider the category .4 whose objects are fourtuples D = (X, X,P,V)
where the first 3 objects form a rigid triple and V is a strict neighborhood of
|X[p in | X[p. A morphism in this category from D to (Y,Y,P’,U) consists of
a morphism f: X — Y and a compatible morphism F: V — U. Given such a
morphism let jx and jy be the corresponding embeddings. Using Lemma 4.3 it
is easy to see that there is a canonical map F*: j{,Q{, — F, jLQ",. Consider the
functor from A to sites sending D to the rigid space V and let B and L['(B) be as
in section 2. It is straightforward to check that D — j;( v is a complex in [(B).
Therefore, the discussion of section 2 gives us a functor A — Complg, D — C,
such that C3 represents RI'(V, j} Qy). Now set

(4.1) RTyig (X/K)f,‘P = 1—1‘% C(.X,Y,'PyV)’

where the limit is with respect to inclusion. It is clear that these complexes are
functorial with respect to maps of rigid triples and the fact that by [Ber97, (1.2.5)]
all maps in the direct limit are quasi-isomorphisms implies that Rl'rig (X/K)x p
indeed represents its namesake in the derived category as required. ]

Definition 4.6: For each k-scheme X, the category of rigid data for X,
denoted RD(Xy), is the fiber of the forgetful functor (RT — Sch) over X,
i.e., is the collection of all triples (X, X, P) with X = X, with morphisms whose
first component is the identity map of Xp.

PROPOSITION 4.7: A morphism of rigid data induces a quasi-isomorphism on
rigid complexes.

Proof: Suppose first that the morphism F between (X, P) and (7’, P’) actually
comes from a map of formal schemes F: P — P’ sending X to X and inducing the
identity morphism on X. The proposition then follows from Berthelot’s results
concerning the independence of the rigid complexes of the auxiliary choices. The
discussion before Theorem 1.6 in [Ber97] shows that F induces the morphism
on rigid complexes of pairs RTyig ((X ,_X_l) /K) = Rlyig ((X, X)/K) coming from
the map X — X' induced by F. Then Theorem 1.6 in loc. cit. shows that this
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morphism is a quasi-isomorphism. For the general case let W be the closure of
X embedded as the diagonal in X x X . Then (W,P x P') is a rigid datum
for X and the two projections p; and ps from P x P’ to the two factors induce
maps of rigid data py: (W, P x P') = (X, P), p2: (W, P x P — (YI,P’), which
are of the type that was already proved to induce quasi—isomorphisms. Now
consider G(z) = (z, F(z)). This gives a map of rigid data (X, P) — (W, P x P').
This map is a section to p; and therefore induces a quasi-isomorphism on rigid
complexes. We can factor F = p; o G hence the result. ]

Remark 4.8: The proof was inspired by a discussion with Berthelot.

We are now ready to construct canonical rigid complexes by removing the
dependency of the auxiliary data. For reasons to be discussed later, this is a bit
more complicated than it may seem at first sight. The result that we get is the
following.

PROPOSITION 4.9: There is a way to construct the following functors:
1. A big rigid realization functor

RT — Comply, (X,X,P) > Rlyig(X/K)x p-
2. A rigid realization functor
Sch/k — Comply, X — Rl (X/K).
In addition, there are quasi-isomorphisms
RT g (X/K) ¢ R rig(X/K)x p = RUnig(X/K)%

which are functorial with respect to maps of rigid triples (on the left hand side
we remember only the scheme component of a morphism).

To prove this proposition, the naive idea would be to produce the rigid complex
of X by taking a direct limit over all possible rigid data for X. The problem is
that the category of these data is not filtered (one cannot equalize morphisms of
formal schemes) and so the direct limit may fail to be quasi-isomorphic to the
terms of the limit. The solution to this problem is to look at the way Berthelot
proves that all possible rigid complexes are quasi-isomorphic and to consider the
limit only over those morphisms that show up in the proofs. This implies we
should take limits over sets of a finite number of objects of RD(X). To handle
functoriality, however, one needs to consider more objects.
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Definition 4.10: For a k-scheme X, the set P7 x is the set of all pairs (£, (Y, P)),
where f: X = Y is a morphism of x-schemes and (Y, P) € RD(Y). The subset
737'2( contains all pairs where the first component is the identity map of X.

As usual we ignore all set theoretic problems which can be solved by using a
particular universe. If we assume that our schemes are quasi-projective we can
consider only projective compactifications and formal schemes inside a particular
choice of a projective space avoiding all these problems.

Definition 4.11: The category SET x is the category whose objects are all finite
subsets of PT x and whose morphisms are inclusions. We denote by SET the
full subcategory whose objects are all subsets with a non-empty intersection with

PTY.

Let g: Z — X be a morphism of schemes. There is then a map of sets
¢°: PTx — PTz given by ¢°(f, (Y, P)) = (fog, (Y, P)). Clearly (gh)° = h°og°
for any two composable morphisms g and h. The map ¢° induces a functor, still
denoted by g°, from SET x to SET z, by sending A C PT x to g°(A) C PT z.
Notice that this functor does not send SET% to SET Y.

From now on it will be more convenient to denote elements of PT x by letters
like @ and to denote the associated auxiliary datum by (fs, (Y4, Ps)). This also
allows us to have multiplicities by associating the same data to different elements.

LEMMA 4.12: For A € 857'{))( consider the formal scheme P4 := HaeA P,.. Let
X 4 be the closure of the image of X under the map X — [[,c4Ya given by
ja(@) = (fo(z) € Y,o)o. Then ja: X — X4 is an open immersion and Py
is smooth in a neighborhood of X. Thus (Xa,Pa) € RD(X). When A C
B, the natural projections Xg — X s and Pg — P4 induce a map or rigid
data (Xp,Pp) = (Xa,Pa) and the induced morphism Rl (X/K)x, p, —
Rl rig(X/K)x, p, I8 & quasi-isomorphism by Proposition 4.7.

Proof: The only thing one needs to remark is that the assumption that A
includes at least one pair (id,(?,?)) guarantees that the map X — X4 is an
open embedding. |

To simplify notation, we will now define
Fx(A) :=Rlyg (X/K)YA,‘PA'

This is then a covariant functor SETY% — Complg and all morphisms of
complexes one obtains are quasi-isomorphisms. We will also need to consider
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the following more complicated situation. Suppose there are sets P7"y and
PTY with a projection map Il: PT'y — PT x sending PT% to PT%. Then for
a € PT'x we can define Y, := Ypy(,), Pa := Pry(q) and define X 4 and P4 for A C
PT's in the same way as before. We obtain a functor Fx: SET?, — Complg
as before, where SET? , denotes the obvious construction. For A € SET? the
canonical projection II: A — TI(A) induces canonical maps, “diagonals on identi-
cal elements”, Aa: (Xm(a), Prya)) — (Xa,Pa) which by Proposition 4.7 induce
quasi-isomorphisms on rigid complexes:

(4.2) Rlrig (A4): Fx(A) = Fx(II(A)).

Going to the limit we obtain a map, which is again a quasi-isomorphism as in
both limits all maps are,

(4.3) A: h—rri Fx(A) - m Fx(A).
AE€SETY, A€SETY

Definition 4.13: We define the rigid complex

Rl (X/K):= lim  Fx(A).
AESETY

Since S& 7*3( is clearly filtered this complex is quasi-isomorphic to each of the
complexes in the limit.

When given a map ¢g: Z — X and sets B € 887'% and C € SS’T'}, the map
g°: C — B U g°(C) induces a projection Ppyge(cy — Pc which is compatible
with the map g in the obvious way. The induced map Fx (C) — Fz(B U g°(C))
we denote by g,.

PROPOSITION 4.14: For any map of k-schemes g: Z — X there is a unique map
g*: RTyig(X/K) — RIyig (Z/K) making the following diagram commute,

lig Fx(C) _o° ___ lim F5(B)
C B
(B,C)HCI (B,C)»—«)BUg°(C)T
lim Fx(C) _s: _ lim Fz(BUg°(C))
(B,C) (B,C)

where in this notation one takes the limits over B € SETY and C € SETS. For

any two composable morphisms W Pt 7 %5 X we have (gh)* = h* o g*.

Proof: The existence and uniqueness of g* follow immediately if we show that
the vertical maps in the diagram are isomorphisms (not just quasi-isomorphisms).
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In fact, it is enough to show that for the left vertical map. Both maps are induced
from the indicated functors between the index categories and both functors are
easily seen to be final, hence the result. To show the compatibility with compos-
able maps consider the following diagram whose commutativity is obvious,

li_rg Fx(C) g2 h_rx; Fz(BUg°(C)) h: lln) Fw(AUR°(B)U(gh)°(C)).
(A4,B,C) (A,B,C) (4,B,C)
(gh)e

The result now follows by checking that each of the arrows in the diagram is iso-
morphic to the corresponding arrow between the rigid complexes, i.e., by checking
the commutativity and the fact that the vertical arrows are isomorphisms in the
following diagrams:

m Fx(C) 92 lim Fz(BUg°(C))

(B.C) (B.C)
(A,B,C)H(B,C)T (A,B,C)-—)(B,C)T
i Fx(C) s Ly Fz(BUG(C))
{A,B,C) (A4,B,C)
lim Fz(B) ___# lim, F (AU R*(B))
(A,B) (A,B)
(A,B,C)—(A,BUg° (C))I (A,B,C)H(A,BUQ"(C))T
lim Fz(BUg°(C)) »:  lim Fw(AUR(B)U(gh)°(C))
(A,B,C) (4,B,C)
and
li_rg Fx(C) (gh)2 h_rrg Fw(AUg°(C))
(A4,0) (4,€)
(A,B,C)H(A’C)T (A,B,C)H(A,C)T
EE{ Fx(C) (gh) h_m) Fw (AU R°(B)U g°(C)).
(4,B,C) (4,B,C)

This completes the construction of the functor RI'yz. The following lemma is
obvious.

LEMMA 4.15; In the situation described before (4.2) suppose we have a map
g°: PT'x — PT'; compatible with the map g° and preserving the 0 subsets.
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Then we obtain a map g'™* between the obvious complexes compatible with the
maps Rl yig(A4). For composable maps g' and b’ we have (g'h')* = g"* o ™.

Suppose now that we have a fixed rigid triple (X, X, Px). Consider then the
set PT x % p, of all morphisms of rigid triples from (X, X,Px) to another rigid

triple and the subset ’P’Tg(f,px consisting of the identity morphism. There

is then a canonical forgetful projection II: PT xxp, — PTx and of course

n(P7°

X, X,Px
In particular we can define a category S& 7'())(

) € PT%. Therefore we can use the considerations preceding (4.2).

X py I the obvious manner.

Definition 4.16: We define

RUuig(X/K)xp, = lLim  Fx(A).

/aesm*j< ooy

We can now check that with this definition Proposition 4.9 holds. The func-
toriality and the natural transformation to the complexes RI';(X/K) are an
immediate dpplication of (4.3) and Lemma 4.15. Suppose A € SgT?{,Y,PX
and consider the rigid datum (X 4,Pa) defined in Lemma 4.12. We define a
map of rigid data (X,P) — (X 4,Pa) as follows: By definition there is a strict
neighborhood U of |X[p in |X[p and, for each a € A, a map of rigid spaces
F,: U = (P,)k which maps ]X[p to ]Y,[p, and is compatible under the spe-
cialization map with f,: X — Y. The product of these maps gives a map
F: U — (Pa)k whose restriction to | X[p lands in ]j4(X)[p, and is compati-
ble under the specialization map with j4 hence is a morphism of rigid data. It
induces a quasi-isomorphism Fx (A) — Rlvig (X/K)% p, - These maps are com-
patible with the maps in §& 7'2(3},)(
map llfﬁ",ig(X/K)Yyp — RT1ig (X/K)x p and it is easy to check that it has the
required naturality. This completes the proof of Proposition 4.9.

. Going to the limit we obtain the desired

Remark 4.17:  One might hope that maps induced by morphisms of rigid triples
on the complexes Rl'rig(X/K)x p will be compatible with the maps between
the RI'g(X/K). Unfortunately we do not know how to prove this and at the
moment we do not believe this to be true. The heuristic reason is that the
complexes Rl'rig (X/K)x p have no reason to be very “big” in general. On the
other hand, a compatibility like we suggested would mean that all pullbacks of an
element by maps of rigid triples have to map to the same element in RT'; (X/K),
which seems implausible. We will be satisfied instead with the situation described
in Proposition 4.9.
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Definition 4.18: Let X, be a simplicial x-scheme. By applying in each compo-
nent of X, the functor Rz (?/K) we obtain a cosimplicial object in the category
of complexes of K-vector spaces. We define RI';iz(X,/K) to be the total complex
of the associated double complex.

This construction is functorial on the category of simplicial x-schemes. We
have the usual spectral sequence:

PROPOSITION 4.19: Let X, = (X,,),,ez20 be a simplicial k-scheme. Then there
exists a spectral sequence

Ey’ = Hiyg(X;/K) = Hyg (Xo/K).
PRrROPOSITION 4.20: Let X be a k-scheme and let Uy — X be the covering
associated to a finite Cech covering of X (we view X as a simplicial scheme which
is X in each degree). Then the canonical map Rl iz (X/K) — Rl yig(Ue/K) is a
quasi-isomorphism.

Proof: Let the Cech covering be {U1,...,Us}. Then

U= [[ Un Up =)V

(Il=n+1 iel

We choose a compactification j: X — X and an embedding X < P. This then
defines a compactification Uy — X — X, denoted jr, for each Uy and we thus
get a rigid datum (X, j;,P) for each U;. The identity map on P defines, for
every morphism U; — U that appears in the definition of ,, a map compatible
with this morphism. It follows that Rl",;g (Ua/K) is quasi-isomorphic to the total
complex of the double complex

@ R(Xlr,il%,,)-
[Il=n+1
It follows from [Ber96, Prop. 2.1.8] or [Ber97, 1.2.ii] that this last complex is

quasi-isomorphic to RT'(JX [, ij]'-f[p) and hence to Rl (X/K). 1

We state 4.21, 4.22 and 4.23 below for schemes, but they immediately extend
to simplicial schemes as well.

PROPOSITION 4.21: Let V — V' be a finite map of discrete valuation rings where
V' has residue field ¥’ and fraction field K’ and let X be a x-scheme. Then there
is a canonical base change map

K, ®K Rrrig(X/K) - Rrrig(X® K'I/Kl)a
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which is a quasi-isomorphism. The base change map is functorial in the obvious
sense with respect to diagrams V — V' — V" and commutes with the maps
induced by morphisms of k-schemes.

Proof: Let (X,P) be a rigid datum for X over V. One obtains a rigid datum
(YI,’P’) = (X®K,P®y V) for X ® &' over V'. In this situation the proof of
[Ber97, Proposition 1.8] shows the existence of a map K'®k Rlvig (X/K)%' p —
Rl (X ® &'/K' )%' p+ Which is a quasi-isomorphism. One checks that this is
functorial in rigid triples, so gives rise to the indicated map which is then forced
to be a quasi-isomorphism. The functoriality statements are straightforward.
| |

COROLLARY 4.22: Suppose k is perfect and recall that Vy is the Witt ring of k.
Let o: Vy — Vy be the map induced by the p-power map on k. Then there exists
a canonical and natural o-semilinear map ¢: Rl iz (X/Ko) — Rl yig (X/Ko).
Proof: Let m be the projection X — k and let X Trx X X ®,Fr, k& be the
relative Frobenius map. Here the map x — k in the last tensor product is
the Frobenius map of x, i.e., the p-power map. The map ¢ is obtained as the
composition

1Qid

Rrrig (X/KO) —> Ko ®, Rrrig (X/KO)
b han (Fr )"
0T RTyig (X @ v, 6/Ko)  ——> Rlyig (X/Ko),

where the base change map is with respect to the map o. Naturality is easily
verified. |

The following lemma will be needed for the comparison between syntomic
cohomology and modified syntomic cohomology. Its truth is obtained by a careful
application of the functoriality properties of the base change.

LEMMA 4.23: Suppose, under the assumptions of Corollary 4.22 that k is a finite
field with ¢ = p" elements, which implies that Fr": X — X is k-linear. Then
¢" = (Fr")* as endomorphisms of RT iz (X/K).

5. de Rham complexes and comparison

The next step is to define a de Rham complex. This was already done by Huber
[Hub95, Chapter 7] so we do not go into all the details. We need to know not
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only a complex computing de Rham cohomology, but also complexes computing
all the filtered parts. Here K can be any field of characteristic 0. Let X be a
smooth K-scheme. A de Rham datum for X is an injection i: X <3 Y where
Y is a smooth and proper K-scheme and D :=Y — X is a divisor with normal
crossings.

Definition 5.1: To a de Rham datum (Y) and to every k € Z3( we associate
a complex, called the k-th filtered part of the de Rham complex of X with
respect to the datum (Y), defined by

Fil* RT4r (X/K)y := RT(Y, Q3 (log D).
The k-th filtered part of the de Rham complex of X is defined by

Fil* RC4r (X/K) := _Ir;Fll Rl4r (X/K)y,

where the limit is over all de Rham data.

We will write RT'4g (X/K) for Fil’ R[4 (X/K). Note that the Fil*, in spite
of their name, are not subcomplexes of R['yg (X/K) but there are natural maps

(5.1) Fil* RT4g (X/K) — R4 (X/K).

The final ingredient needed for the construction of syntomic cohomology is
a comparison between de Rham and rigid cohomology. Let X be a smooth V-
scheme with generic fiber Xg and closed fiber X,,. We will define a functorial
map in the generalized sense, R['qr (Xx/K) = RIyig(X/K). We stress that
this map is not a quasi-isomorphism in general. First we take the limit over all
de Rham data (Y') of the map

RT(Y, Q) (log(Y — Xk))) = RU(Y, 0. Q% k)

(5.2) . o oo
— R Xk, 0%, k) = RO(XE, Xz )5

where X2 is the rigid analytic K-space associated with X [Ber96, 0.3.3], to
obtain a map Rl'4r (X /K) — R[(XE, Kon ). Now consider a compactification

X —15 X. Let X be the p-adic completion of X. It is not so hard to see that
28 is a strict neighborhood of ]X,i[7 inside ]X"[Y = Xx. By (4.1) we have a
functorial quasi-isomorphism

RF(XK )jn X‘,‘(“) - ]RFrig()(rc/K')Y'c X
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We have a map
RO(XE, Qxan) — RF(X?’J'IQ;(;")’

which is not a quasi-isomorphism in general. Composing we get a map
RFdR(XK/K) — RFrig(Xﬂ/K)? ?
By taking the limit over all X we obtain the required diagram

(5.3) RPdR(XK/K) - 1171—13 RFrig(Xn/K)Ym_)?
X
<< 121}) R\/Prig(Xm/K)y;’ﬁ —— Rrrig(Xn/K)'
x

One checks readily that the entire diagram is functorial with respect to X.

Remark 5.2: Note that the morphisms in the diagrams above are not as innocent
as they may seem, and most of them are in fact only morphisms in the gener-
alized sense. For example, let us see how one gets a morphism RT'(Z, 2} / x) —
RT(Z?", Q%) for a K-variety Z functorial with respect to maps of K-varieties.
First one resolves Q2%.. in a functorial way with respect to all maps of analytic
spaces (this will be required later for other comparisons) to get a complex I3.
Then one gets maps Q% — uZ I3, where uZ is the map between the analytic
and the algebraic sites of Z. Now we can use these maps to find resolutions J3 of
Q5 /K and L% of I} together with maps J3 — uZ LY. The required map can now
be written as I'(Z, J3) — I'(Z>", L) <—— I'(Z?",I3). If however Z is afline,
it is easily seen using the discussion in section 3 and in particular Lemma 3.4 that

this generalized map can be replaced by the map I'(Z, Q5 / %) = (2%, Q%)

6. Syntomic cohomology

We are now ready to define syntomic cohomology. We assume that « is perfect.
Let X be a smooth V-scheme. By combining (5.1) and diagram (5.3) we have
a (generalized) map Fil” R['4r (Xk/K) — Rl (X,/K). In addition, we have
a semi-linear Frobenius map ¢: RT'ig (X, /Ko) = Rl'yig(Xk/Kp). We deduce a
map

Cone (1 - I%: RT;ig (Xi/Ko) = Rrrig(Xx/KO))[—”

— Rrrig(XK/K()) - ]RI‘,ig(X,c/K).
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Definition 6.1: The syntomic complex of X twisted by n is defined to be
¢ - .
Rl“syn (X, n) := Cone (1 - I;) ["'1]XRF,;S(X~/K) Fil” RFdR(XK/K).
The i-th cohomology of Rl'syn (X, n) will be denoted Hsyn(X , ).
The above construction is evidently functorial in X. We can therefore define

RI'sy, for simplicial schemes as in Definition 4.18. We have the analogue of
Proposition 4.20:

PROPOSITION 6.2: Let X be a smooth V-scheme and let U, — X be the covering
associated to a finite Cech covering of X. Then the canonical map Rl'gyn(X,n) =
RIsyn (Us, 1) is a quasi-isomorphism for any n € Zo.

Proof: Because Rl'syy is defined as an iterated cone, it is enough to check the
statement of the proposition on each of the components of the cone. But for the
de Rham components it is well known and for the rigid components it was proved
in Proposition 4.20. §

We proceed to show some of the fundamental properties of syntomic
cohomology.

ProrosITION 6.3: There is a long exact sequence,
(6.1)

- Hii (X /Ko)OFiI" Hig' (X / K) O Hi (Xo/Ko)® i (Xe/K)

- H’yn(X n)

o Hiy(Xo/Ko)OFil" Hip(Xic/K) —2> Hig(X/Ko)®Hig( X,/ K)

rig

where the maps Qand @are given in the appropriate degrees by

(6.2) (z,y) — <(1 - I%)xz _ y)

Here, for the second component we have identified both ¢ and y with their images

in H:lg( X,../K). In particular, if K is finite over Ky, then Hsyn(X, n) is a finite

dimensional Kgy-vector space for every i and n.

Proof: By writing explicitly the quasi-fibered product in term of cones, one finds
Rlyn (X, n) =2 Cone(RTyig (X, /Ko) ® Fil" RUgr (Xx /K)
_HRFrig (XK./KO) @ Rrrig (XN/K)) [_1]7
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where the map defining the cone is given by (6.2) (the reader should compare at
this point the construction of [Niz97, 2.1]). This immediately gives the result.
1

Remark 6.4: Let us consider the special case where X is a smooth K-scheme
considered as a V-scheme. In this case we have X, = 0, so RTyig (X, /?) = 0 with
? = K or Ky. The long exact sequence (6.1) shows that

H},.(X,n) 2 Fil" Hip (X/K).

This is perhaps to be expected since this is the “absolute” cohomology for
varieties over a field.

Definition 6.5: The cup product map on syntomic cohomology,

U: Hsiyn(X,n) X Hgyn(X, m) = H: (X, n+m),

syn

is constructed as follows: By Lemma 3.2 it is enough to construct a product
Cone(l — ¢} x Cone(l — ¢} — Cone(l — ¢y ), with ¢, = ¢/p". This is
achieved by the formula, similar to (3.3),

(x1,21) U (22, 22) =($1 Uz,
(6.3) z1 U (7132 + (1~ 7)¢m(z2))
+(=1)%8%1((1 = 7)z1 + Y¢n(71)) U 22).

This definition is compatible with the definitions given by Niziol, Kato, Gros
and many others.

7. Construction of syntomic regulators

In this section we construct syntomic Chern classes,

&: Kp(X) = HE7P(X, j).

syn

The method follows mostly Huber {Hub95, Chapter 18] with some input from
Gros [Gro90] and Deligne [Del74].

The main step in the construction is to repeat the computation of the de Rham
cohomology of B,GL, by Deligne [Gro90, Chapter II] for rigid cohomology. We
briefly recall the setup from loc. cit., but using the notation of Deligne in [Del74,
6].

We will work simultaneously over any of the bases s, V, Vo K or Ky, making
the needed adjustments. If G is an algebraic group (over any of the bases above)
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acting on a scheme X we let [X/G]. be the simplicial scheme such that [X/G], =
(GA" x X)/G where G acts by g-(go, - - -;9nZ) = (gog~Ls. .., 9ng ™1, gz} and the
face and degeneracy maps are the obvious ones [Del74, 6.1.2]. Note that the quo-
tients are well defined and in fact there is an isomorphism G" x X —> [X/G],
given by (for example) (g1,...gn,z) = (1,91,...9n, T).

LEMMA 7.1: Let X be a principal G-bundle over S = X/G. Then the map
[X/G)e — S induces an isomorphism on rigid cohomology.

Proof (sketch): If we knew how to write rigid cohomology as a sheaf cohomology
this would follow from [Del74, 6.1.2.2]. We need to check that what we know
about rigid cohomology is sufficient for a proof. Let X, = cosq(X — S). There
is a canonical isomorphism of simplicial schemes over S,

Xo = [X/Gle

[Del74, 6.1.2.a]. If there is a section S — X, then it extends to a section s: § —
X, to the canonical map 7m: X, — S. It is well known that the map so 7 is
homotopic to the identity map of X, and this homotopy induces a homotopy on
the rigid complexes showing the result in this case. In the general case we have
s finite covering, U = [JU;, of S such that the restriction of X to each U; has
a section. Let U, = cosq(U — S). An application of the spectral sequence 4.19,
Proposition 4.20, and the special case of a map with a section discussed above
now shows that the cohomology of the bisimplicial set

(COSQ(X xs Up = un))?,n = (COSQ(Xm xsU — Xm))m,?

is isomorphic to the cohomology of U,, hence of S, on the one hand, and to the
cohomology of X,, on the other hand. 1

Fix N > n in Zyo. Let E = G®" and F = G®V be two vector group schemes
and let Hom(E, F) be the corresponding scheme of homomorphisms. There is a
filtration of Hom(E, F') by open subschemes

Hom(E,F) =U, D Up_1 D -+ D U,
where U is defined by the invertibility of at least one n — [ minor.

LEMMA 7.2: The scheme U, — U;_, is a smooth subscheme of Hom(FE, F) of
codimension I(l — n + N).

Proof: This is proved in [Gro90, I1.2.4] for schemes over V; but the proof is the
same in any of the other cases. n
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The group G = GL,, acts on Hom(FE, F) in the obvious manner, preserving the
filtration by the U;. The scheme Uj is the so-called Stiefel variety of n-frames on
F and is denoted by Stief(E, F). We have

(7.1) Stief(F, F)/G = Grass,, (F),

where Grass,,(F) is the grassmannian of n-dimensional subspaces of F.

PROPOSITION 7.3: The canonical map

Hpo(Hom(E, F)/Glo/ K) — H} (Stief(E, F)/Gl./K)

is an isomorphism in degrees < 2(N — n).

Proof (Compare [Gro90, Corollaire I1.2.8]): It is enough to show the same for the
map induced on rigid cohomology by each of the inclusions [U;_,/Gle — [U;/Gle.
By Lemma 7.2 we see that on the n-th component, [U;/G], — [Ui-1/G}, is a
closed subscheme of [U;/G], of codimension {({l —-n+ N) > N-n+1. By
purity for rigid cohomology [Ber97, Corollaire 5.7] the map H}, ([U:1/G]./K) —

H} ([Ui-1/G)n/K) is an isomorphism if i < 2(N —n). The result now follows

from the spectral sequence 4.19. ]

PROPOSITION 7.4: There are canonical classes x; € Fil' H3;,(B.GL,/K) such
that we have isomorphisms

(7.2) Klzi,...,15) —> Hizr(B.GL,/K) —— r"ig(B.GLn/K).

If K = K, and we identify the classes z; with their images in H.ig, then we have
é{z;) = p'zi.

Proof: Let * be the one point space. Then B4GL,, = [*/G|s [Del74, 6.1.3]. We
have a G-equivariant diagram,

Stief(E, F) Hom(E, F)

where 0 denotes the 0 section to w. It induces a corresponding diagram of
cohomologies,

H; ([Stief (E,F)/Glo/K) Hy, ((Hom(E,F)/Gl./K)

Hfig(B.GLn/K) <
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An easy diagram chase using Proposition 7.3 shows that the left diagonal map
is injective for ¢ < 2(N —n). A similar argument shows the same for de Rham
cohomology. By Lemma 7.1 and (7.1) it now follows that the two horizontal
maps in the commutative diagram

(7.3) H; (BoGLn/K) ——> H (Grass, (F)/K)

rig

! i

Hip(ByGLn/K) —=> Hig (Grass, (F)/K)

are injective for ¢ < 2(IN — n). The map on the right is an isomorphism since
Grass,, (F) is proper.

In de Rham cohomology we have a good theory of characteristic classes. Let
z; € Fil' H% (B4GL,/K) be the i-th Chern class of the universal bundle. Then
a(z;) are the Chern classes of the universal vector bundle over Grass, (F) and
it is known that these generate the cohomology ring of Grass,(F'). It follows
that « is surjective, hence that if i < 2(N — n) all maps in diagram (7.3) are
isomorphisms. Varying N we find the isomorphisms (7.2). It now follows that
the properties of the classes z; can be tested in the cohomology of Grass,, (F),
where they are well known: As Grass,,(F') is proper we have an isomorphism

Hp (Grass, (F)/Ko) = He; (Grass, (F)/Vs) ® Ko,

under which z; correspond to the ci‘ystalline Chern classes of the universal bundle
and therefore have the right behavior under Frobenius. ]

We can now define Chern classes in syntomic cohomology. From Proposi-
tion 7.4 it follows that B4,GL,, has cohomology only in even dimensions. Using
the long exact sequence (6.1) we easily obtain an isomorphism

(7.4) HZ (B.GLn ® V,i) 2 {z € Fil' Hz(B.GL,/Ko): ¢(x) = p'z}.

In particular, we see that the classes x; of Proposition 7.4 define classes, denoted
Cr, in H%,(BsGL, ® V,1). Considering the usual inductive system of B4GLn-
s, obtained by the inclusions “in the upper left corner” GL, — GL,1, we see
that the C?* are compatible under the induced maps on cohomology because the
de Rham universal classes are known to do so. We thus obtained cohomology
classes C; in the cohomology of the ind-scheme B,GL which we call the universal
syntomic Chern classes.
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THEOREM 7.5: Let X be a smooth V-scheme. There exist functorial Chern

classes

o Kp(X) = HITP(X, 5),
such that their composition with the map H¥7?(X,j) — FiV Hyy *(Xk/K)
obtained from the sequence (6.1) gives the usual Chern classes in de Rham co-

homology.

Proof: We follow Huber’s treatment in [Hub95, Chapter 18]. By [Hub95, Propo-
sition 18.1.5] (whose proof is also valid in our case) we have an isomorphism

lim 7, Tot(Z X ZooBoGL(UL)) —> Kp(X),
U,

where the direct limit is over all finite affine Cech coverings U, of X. By [Hub95,
Proposition 18.1.7 b] there are induced maps

(7.5) Kp(X) = lim m, Tot(ZoB.GL(UL)),  Ko(X) - Z.
U,

For simplicial schemes U, and Y,, let B(U,,Y,) be the simplicial cosimplicial
abelian group which is the Q-vector space generated by Hom(Us,, Y,,) in degree
(m,n) and let A(U,,Y,) be the associated complex [Hub95, Definition 18.2.1].
Summation of pullback maps give a map of simplicial cosimplicial groups,

B(Uﬂ YO) - [Hom(msyn (Ym» .7)’ Rrsyn (Um j))]m,m

where Hom here means in the category of complexes (this is why we insisted
on defining the syntomic cohomology on the level of complexes). By taking the
associated complexes and then the total complexes we obtain a map

(7.6) A(U,,Y.) — RHom(RTsyn (Ys, 5), RTsyn (U, 4))-
In the special case that Y, = B,GL, we have by [Hub95, Lemma 18.2.4] a map
7p Tot(ZooBoGL(U,)) = HP(A(U,, B,GL)).

Composing this with the map induced on cohomology by (7.6) and applying to
the universal class C; € H% (Rl sy, (BsGL, j)) we get a map

Tp TOt(ZooB.GL(Uo)) - H2j—P(U.’ .7)

syn

If U, is as in (7.5), then H27?(U,, j) = H2P(X, ) by Proposition 6.2. This
completes the construction. The result about the composition with the projection
to de Rham cohomology follows from the universal case and functoriality. B
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Definition 7.6: The Chern character ch: K;(X) — @, H, %-i(X, j) is given by

syn
—~1)i-1 .
ch= Z—(—_——)-—c*. (+Rank if i=j=0).
PROPOSITION 7.3: The Chern character is multiplicative.

Proof: Everything is reduced to the properties of the universal Chern classes
(see for example [Hub95, 18.3]). These properties are deduced in the following
way. By (7.4), the natural map HZ, (B,GL, ® V,i) & H3i(B.GLy/Kp) is an
injection. Since this natural map is compatible with cup products by Lemma 3.2,
all properties of Chern classes for syntomic cohomology can be read off from the
corresponding results for de Rham Chern classes, which are well known. |

8. Modified syntomic cohomology

In this section we define a certain modification of the rigid syntomic cohomology
of section 6. The difference is that we replace the semi-linear Frobenius by a
linear Frobenius. This makes the theory easier to compute. For the purpose of
computing regulators in higher K-theory the modified theory is as good as the
original one.

In this section we need the additional assumption that k C Fy,. The following
notion is due to Coleman.

Definition 8.1: Let X be a x-scheme. A Frobenius endomorphism, ¢: X —
X, of degree g = p” is any k-endomorphism of X obtained in the following way:
Let X’ be an Fy-scheme and let oz X —— X'®p, & be a s-isomorphism. Then
p=a"tlo(Fr"®id)oa.

It is clear that if ¢ is a Frobenius endomorphism of degree g then ¢* is a
Frobenius endomorphism of degree ¢*.

Definition 8.2: The category of Frobenius endomorphisms of X is the category
whose objects are Frobenius endomorphisms ¢: X — X. There is a unique
morphism between ¢ and ¢* for any k > 1.

LEMMA 8.3: The category of Frobenius endomorphisms of X is filtered.

Proof: It is not hard to see that sufficiently high powers of any two Frobenius
endomorphisms become identical. 1
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Fix an integer n. We associate to each Frobenius endomorphism a certain
complex, in such a way that we get a functor on the category of all Frobenius
endomorphisms. To ¢ of degree ¢ we associate the complex

Cone (1 - ;I“-’;; RT1iq (X/K) - RI‘rig(X/K)> —1].

To the morphism ¢ — ™ we associate the map of cones induced by the
commutative diagram

1-(p*/q")
—

(8-1) Rrrig(X/K) Rrrig(X/K)
=l l et /a)°
1-(¢" /a™)"
RTyig (X/K) 5 ROy (X/K).

Definition 8.4: The modified syntomic complex associated with a Frobenius
endomorphism ¢ is the complex

RFms(X, n)‘p := Cone (1 - %) [—1]>~(R1~rig(xn/1{) Flln RFdR(XK/K),

where ¢ is the degree of ¢ and the cone is the one discussed above. The modified
syntomic complex of X is

RI s (X, n) = hﬂ R s (X, n)tpv
@
where the direct limit is over the category of all Frobenius endomorphisms and
the connecting maps are the ones defined above. The cohomology of the modified

syntomic complex is called modified syntomic cohomology and denoted by
H: (X, n).

LEMMA 8.5: The modified syntomic complexes, and hence the modified syntomic
cohomologies, are functorial.

Proof: One need only observe that any morphism of varieties over « is already
defined over some finite field, which implies that for any morphism f: X - Y
and for a cofinal collection of Frobenius endomorphisms ¢: Y, — Y, there is a
Frobenius endomorphism ¢’: X, — X, making the obvious diagram commute.
[ |

Most of the basic properties of the modified syntomic cohomology are concen-
trated in the following proposition.
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PROPOSITION 8.6:
1. There is a canonical quasi-isomorphism,

(8.2)
R (%, & lim Cone (1- £+ FIRCan (Xuc/ K) ~ Roag (/80) 1),

where the limit is over all Frobenius endomorphisms ¢, the notation 1 —
©*/q" stands for this map composed with the map R['qr — RI';; and
the transition maps are constructed using a diagram analogous to (8.1).
Furthermore, if ¢ is any fixed Frobenius endomorphism of degree ¢, then
we also have the quasi-isomorphism

(8.3) RT'ms (X, 1) =

lim Cone (1 - (—(p—*)k: FﬂilRFdR(XK/K) - Rrrig(X/K)> [-1].
k

"
2. If k is a finite field, then there is a canonical and functorial map
Z: Rlgyn (X, n) = Rl (X, n).
3. There are canonical and functorial maps
(84) Rlyig(Xo/K)[=1] = Rlgyn(X,n), Rlrig(Xe/K)[~1] = Rlme (X, ).

When k is a finite field these maps are compatible with the map E. These
maps induce isomorphisms,

(8.5) H: (X,n)= H-Y(X./K)/Fil* H5 (Xk/K),

syn rig

and, if k is finite,
(8.6) Hio(X,n) = Hi (Xo/K)/ Fil" Hig' (Xx/K),
(at least) in the following two cases:
e X is proper over V and 2n # 1,1 — 1,1 — 2,
o X is affine and n > i > reldim X.
In particular, if in either of these cases & Is a finite field, then = induces an
isomorphism on degree i cohomology.
4. Suppose V' is a finite extension of V with field of fractions K' and let

X' = X®yV'. Then there exists a canonical base change quasi-isomorphism
Rl s (X, n) @k K' — Rl (X', n).
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5. There are cup products in modified syntomic cohomology compatible with
the products in syntomic cohomology under the map E and also compatible
with base change.

Proof: 1. Let ¢ be a Frobenius endomorphism of X.. In Definition 8.4 of
RIms (X, n), we may replace the quasi-fibered product x by an ordinary product
because the cone on the left hand side surjects on RI'yjg(X,./K). The resulting
complex is easily seen to be isomorphic to the level ¢ complex of (8.2). The
second part of the assertion follows because for a fixed ¢ the collection of powers
©* is cofinal in the category of Frobenius endomorphisms.

2. We first construct a map
Cone(1 - ¢/p"™: Rl'ig(X,/Ko) O) — Cone(1 — */q": Rl';i5 (X ./ Ko) O)

for some Frobenius endomorphism ¢ (the notation () means that the map is
from the complex to itself). Suppose & is a finite field with ¢ = p” elements.
Then ¢ = Fr" is a Frobenius endomorphism of X, and by Lemma 4.23 we have
¢" = ¢* on Rl (X«/Ko). It follows that we can define the required map by
using a diagram similar to (8.1). This map can then be composed with the
extension of scalar maps to give a map

Cone(1 — ¢/p": Rl'yig (X,/Kg) O) = Cone(1 — ¢*/q"™: Ry (X,./K) O).

By the construction of the (modified) syntomic complexes we now obtain a map
Rlgyn (X, n) = Rlms(X, 1), by taking the identity maps on the other compo-
nents of the quasi-fibered product. This map we may compose with the map
to the limit on all Frobenius endomorphisms to complete the construction. For
schemes over & our particular ¢ commutes with all maps and this easily gives
functoriality.

3. The maps (8.4) are instances of the map (3.2) (or a limit of a map of this
kind for modified syntomic cohomology) with X* = Cone (1 — ¢*/¢") [-1] for
the left hand map, X* = Cone{l — ¢/p™)[-1] for the right hand map and
Y*® = Fil"RL4r (XK /K), Z°* = Rl}ig(X«/K). The compatibility with the map
= is clear since it is induced by a map between the components which is the
identity on the Z* component. We show that the maps (8.4) induce isomor-
phisms on cohomology in the stated cases for syntomic cohomology, the proof
for modified cohomology being essentially the same. We abbreviate Cone for
Cone(1 — ¢/p™)[—1]. From the construction of syntomic cohomology as a quasi-
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fibered product, which is again a cone, we get the following long exact sequence,

-+ = H*"'(Cone) @ Fil* Hiz'(Xk/K) = Hj;;'(X/K) = Hin(X,n)

g

— H*(Cone) @ Fil"* Hig (X /K) — H;,g( X./K)—>

It follows that the map H:lgl( X./K)/Fil" Hg (Xk/K) — Hi,(X,n) is an
isomorphism if H*~!(Cone) = H*(Cone) = 0 and the map Fil* Hi;z (Xk/K) —
Hr’lg( «/K) is an injection. This last requirement holds in the cases considered
because in the proper case Hip (Xx/K) = ng(X /K) and when n > reldim X
we have Fil® Hip(Xk/K) = 0. The long exact sequence for the cohomology of
Cone,

1- ¢/
— HZ%(Xo/Ko) —>

e H-%(X,./Ky) - H*"(Cone)

rig

H" I(XN/K()) 1-¢/p"

rig
1-¢/p™ .
—)Hng( /KO) - Hrlg( N/KO)_)""

shows that the i-th and i — 1-th cohomologies of Cone vanish when 1 —¢/p™ is an
isomorphism on H;ig(X,/Ko) in degrees i, i — 1 and ¢ — 2. This now follows from
the theory of weights: By [CIS98] and {Chi96] the K-linear Frobenius, which is
a power of ¢, has weight j when acting on Hng( x/Ko) when X is proper and
has mixed weights between 7 and 27 in general. In the proper case it follows that
if 2n # j for § =71 —2, 7 — 1 and i, then the operator ¢/p™ has no fixed vector
on Hng( «/Ko) because some power of it does not. It follows that 1 — ¢/p"
injective, hence bijective, on the degree 1 — 2, ¢ — 1 and ¢ cohomologies. In the
second case this is no longer true a-priori for j = ¢ but Hfig = 0 because X is
affine and 7 > reldim X.

4. Apply base change (Proposition 4.21 for rigid cohomology) in each component.
5. The construction of the cup product is almost identical to the one we did for
syntomic cohomology. The cup product on Cone(l — ¢*/g™: Rlyig(X./K) O)
is given by the formula (6.3) with ¢, = ¢*/¢™. One then needs to check that
these products are compatible up to homotopy under the transition maps. This
can be done by a direct laborious computation. A much more conceptual and
general way of understanding this is given in [Bes97]. This type of compatibility
also implies that the product is compatible with the map =. Compatibility with
base change is clear. |

— H;'(Xx/Ko) - H""!(Cone)

Remark 8.7:
1. We expect the base change isomorphism of Proposition 6.4 to exist for
infinite extensions as well, at least on the level of cohomology.
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2. Using the model (8.3) for modified syntomic cohomology it is easy to see
that the cup product is given in level k by the formula (6.3) with ¢,, being
(¢*/q™)* composed with Fil" RTyr (X /K) — Rlyig (Xi/K).

3. Suppose K = Ky. An argument similar to the proof of Proposition 8.6.1
shows that

RT,yn (X, n) & Cone(Fil" RTar (X /K) —2/% RTuiq (Xo/K))[~1].

This gives rise to a long exact sequence

i-¢/p"

-+ = Fil® Hig'(Xk /K) — Hyg'(Xe/K) = Hp(X,n)
. i 1-¢/p"
— Fil" Hig(Xx/K) —% Hi (Xe/K) .

In the cases discussed in Proposition 8.6.1 this reduces to a short exact
seqience
1-¢/p" i 1

0 - Fil" H3' (X /K) —> H,

rig (XN/K) - Hi (X,n) - 0.

syn

The isomorphism (8.6) is induced by the map sending z € H:;;(X,c /K)
to the image in Hgyn(X ,n) of (1 — ¢/p™)x. A similar analysis applies to
modified syntomic cohomology. See Proposition 10.1.3 for a special case.

When we compose the syntomic Chern classes with the canonical map of co-
homology theories Z: Hgyn — Hps we obtain modified syntomic Chern classes
and Chern characters. Alternatively, one can construct these directly using the
same techniques as before and universal Chern classes which are the images of
the syntomic ones under the map = in the cohomology of B¢GL,,. This makes
the following lemma evident.

PROPOSITION 8.8: The modified syntomic Chern classes behave well under base
change, i.e., when X is a V-scheme, V' is a finite extension of ¥ and X'/V’ is the
scheme obtained by base change to V', there is a commutative diagram

P

[ .
Kp(X) —> HY7P (X, j)

L,

Kp(X') — HYP(X', j).
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9. Comparison with other cohomology theories

In this section we compare our constructions with some other versions of syntomic
cohomology and regulators and then also with étale cohomology and regulators.

As mentioned in the introduction, in {Gro94], Gros defines, for X smooth over
V and K = Kj, rigid syntomic cohomology H'(X,s(n)x/x rig). When X is
affine he further defines higher Chern classes into this cohomology. The main
difference with our construction is that no attention to log singularities is given.
We generalize his construction to the case K # K as follows.

We first define complexes Fil" Ry (X, /K ) following [Gro94, 1.3.2]. As many
of the details are similar to the constructions in sections 4-6 we allow ourselves
to be a bit sketchy here. Let j: X — X be a compactification of X over V and
let X < Y be a closed embedding of X into another V-scheme which is smooth
in a neighborhood of X. We have Xy C [X4[p.

Definition 9.1: The n-th filtered part of the rigid complex of X, relative to the
data of X and Y is defined as

Fil% Rl vig (X /K)x y = lim RO(U, j} Filg QF),
U

where the limit is over all strict neighborhoods of U of ] X[y in |X [ and
Fil2Qf :=I" = I"7'Qp - I"2Q4 —» -+,
with I the ideal defining Xy in | X[y and letting I* = (1) for k < 0.

By results of Berthelot [Gro94, 1.3.3, 1.3.5] if we fix X then a smooth mor-
phism of Y’s will induce a quasi-isomorphism on these complexes, and if we
forget Y and view the new complex as well defined in the derived category then
a proper morphism of X’s will again induce a quasi-isomorphism. Thus one
can repeat the methods of section 4 and obtain complexes Fil% Rl 'yig(X./K)
which are functorial complexes in X with natural maps (in the generalized sense)
Fil'k Rl yig (X /K) — Rlyig (X, /K) for each n.

Remark 9.2: Since we are assuming that X is smooth, we can always find at
least one X and Y by just taking Y = X. Note, however, that we could be
in this situation in general if we assumed that X was quasi-projective or if we
generalized our construction to allow local embeddings of a covering of X. Thus
the entire theory can be developed for non-smooth schemes.

Definition 9.3: We define complexes ﬁsyn(X ,n) and ]ﬁf‘ms(X ,n) by replacing
in the definition of Ry, (X,n) and Rl ys(X,n) the map Fil" R 4r (X /K) —
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R ;ig (X,/K) with the map Fil'y RT'jg (X,/K) = RUyig (X, /K). The associated
cohomologies will be denoted by H?  (X,n) and H (X, n).

yn

PROPOSITION 9.4: Assume K = K. Then there exists a canonical isomorphism
ﬁéyn(X, n) & H*(X, s(n)x/Kk rig), where the latter cohomology is the one defined
by Gros.

Proof: As in Remark 8.7.3, when K = K, the construction of ]lﬁ"syn(X,n)

simplifies to Cone(Fil’y RI'ig (X./K) Ly Rl yig (Xx/K))[-1]. By choosing

particular data this is easily seen to be quasi-isomorphic to the construction
of Gros. |

PRrROPOSITION 9.5: There is a functorial commutative square of maps

Rrsyn (X, TL) I ]igf‘syn(X, TI,)

| |

RT s (X, 1) ——> RT s (X, n).

In particular, we obtain a functorial map of cohomology theories Hy,,(X,n) —
H*(X, 8(n)x/K rig)-

Proof: The left vertical map has already been defined and the right vertical map
is defined in exactly the same way. To construct the horizontal maps one only
has to define maps Fil” RT'4r (Xx/K) — Filx Ry (X./K). To that end, let
j: X < X be a compactification of X and let i: Xg <> Y be a de Rham datum
for Xg. Consider U = X3*. Then we have Fil5; Qf, = Q7. We can therefore

obtain a map, in a similar manner to (5.2),

RO(Y, Q7 (log(Y — Xk))) = RT(Y, 0,057 )
~ RO(Xk Q3" ) — RO(U, Q5"
— RI(U, j105") — Fily Rlig (X /K) % -
Taking limits gives the required map. [ |

The following result will be needed in section 10.

LEMMA 9.6: The restriction of Hi (X,n) — H} (X,n) to Ker(H: (X,n) —
Hip(Xk/K)) is injective if n > i
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Proof: It is enough to show this at each finite level, so we may fix a Frobenius
endomorphism ¢ and work with the associated modified complexes. We have the
following commutative diagram with exact rows,

Fil"Hy (XK/K)—>H;51 X./K)—>Hi (X, n),—>Fil"Hip (X /K)

| | |

n T D 7~ r'Ti
Fil Hrlgl( "/K)——_>Hrlg "/K - Hms(X1 n)tp

where the map @) is 1 — ¢*/q". Under our assumption Fil" H;’lgl( X./K) =0,
s0 the result follows from an easy diagram chase. | |

In {Niz95] and [Niz97] Niziol defines another version of syntomic cohomology,
this time based on the convergent cohomology of Ogus. This amounts to ignoring
both logarithmic singularities and overconvergent singularities. We will need one
of the versions of this definition.

Definition 9.7: Niziot [Niz97, Proof of Lemma 2.1]. Let X be a smooth quasi-
projective V-scheme. The f-cohomology of X with values in the sheaf K(n),
H}$(X,K(n)), is defined as the cohomology of the complex
RI'(X,8*(n)) :=
Cone(H((Xn/VO)conv’ ’CX,C/VO) @ H((Xn/v)conv, F)'E)
— H((Xx/Vo)convs Kx,.1vo) & H((Xi/V)conv, Kx,./v))[-1]-

Here, H denotes the derived functor of the global section functor, Kx, /v is the
canonical sheaf on the convergent topos and F% is its standard filtration. The
map defining the cone is given by 6.2.

PROPOSITION 9.8: There is a canonical map
R gyn(X,n) = RO(X, 8% (n)),

which is an isomorphism if X is proper.

Proof: It follows from [Ogu90, Theorem 0.6.6] that there are functorial maps
(in the derived category) Rlyig(X,/L) — H({(X/OL)convi Kx, j0,) for L = K
or Ko, which are quasi-isomorphisms if X is proper. One can check that these
maps further induce maps Fil" Rlyig(Xx/K) = H{(Xx/V)conv, Fx)- As in the
proof of Proposition 6.3 we see that ]I?I‘syn(X ,n) can be written as

R 4y (X, 7) 2 Cone(Rlyig (X«/Ko) ® Fil” Rl (X,c/K)
_)Rrrig (XN/KO) @ Rrrig (XK/K))[_I]’
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which makes the existence of the required map obvious. When X is proper the
map is a quasi-isomorphism because each of its components is. [

ProOPOSITION 9.9: For X smooth and quasi-projective there is a functorial map
of cohomology theories Hg, (X,n) — H}(X,K(n)) which is an isomorphism

syn
when X is proper and which commutes with Chern classes.

Proof: To construct the map we simply compose Hgyp, — ﬁsyn — Hy. We have
shown both maps to be isomorphisms when X is proper. To show compatibil-
ity with Chern classes it is enough to check that the universal Chern classes in
the cohomology of B,GL,, are the same. But we know that B,GL,, only has
de Rham, rigid and convergent cohomologies in even degrees. This implies that
the universal Chern classes coincide if their projection on de Rham cohomol-
ogy do. But these projections are simply the corresponding universal de Rham
Chern classes. Indeed, this is true by construction for Hsy, and for Hy it follows
from [Niz97, Lemma 2.2]. |

Finally, the comparison with Niziol’s cohomology allows us to connect
our version of syntomic cohomology with étale cohomology. By [Niz95] and
[Niz97, Cor. 3.1] there is a functorial map of cohomology theories H} (X, K(n)) —
H} (XK, Qp(n)) which is compatible with Chern classes. Here ét denotes contin-
uous étale cohomology as defined by Jannsen [Jan88].

COROLLARY 9.10: For X smooth and quasi-projective there is a functorial map
of cohomology theories Hg,,(X,n) — H (Xk,Q,(n)) which is compatible with
Chern classes.

To make the relation with étale cohomology even clearer, we note the following
proposition.

ProPOSITION 9.11: Let X be smooth and projective. For all versions of
syntomic cohomology (which are all the same in this case) the composed map

Hip (Xk/K)/Fi"Hgg (Xk /K) = Hi (X, /K)/ Fil* Hg (Xk /K)

syn(X n) - Hét,(XKaQP(n)) — Hét(XKva( ))

is 0, where the last map comes from the Hochschild—Serre spectral sequence. This
and the spectral sequence in turn give a map

8A6“3

Hip' (Xx/K)/Fil* Hyg'(Xk /K) —~ HY(Gal(K/K), Hi (X g, Qp (1))-
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This map is the Bloch-Kato exponential map associated with the Gal(K/K)
representation Hgt“l (Xg, Qp(n)).

Proof: This is an immediate consequence of [Niz99, Theorem 5.2] together with
the observation that the map I: Hy(V,D) — H'(Gk, L(D)) for an associated
isocrystal D appearing there is just the Bloch-Kato map corresponding to the
Galois representation L(D). The same result is proved by Nekovaf in [Nek98]
and one need only assume properness instead of projectiveness. We did not try,
however, to compare his version of syntomic cohomology with ours, though they
are surely identical in the proper case. |

10. Regulators for functions

In this section we consider the cohomology H ((X,1) (so the degree equals the
twist) of a smooth affine V-scheme X = Spec(4). Fix a compactification j: X <
X over V. Let P = X. We get a rigid datum (X, P). By the proof of proposition
1.10 in [Ber97) we see that the map

Qo = 11_1@ LU, Q) = Ry (Xe/K)x, p
U

is a quasi-isomorphism, where the limit is over all strict neighborhoods of | X; [YK .
We remark that Q:U, K is in fact the complex of differentials of the dagger algebra
At used in the Monsky-Washnitzer cohomology [MW68, vdP86], but we will not
need this fact here. Now fix a Frobenius endomorphism ¢ of degree ¢ of X,. It
follows from lifting theorems for dagger algebras ([Col85, Thm A-1] or [vdP8&6,
Thm 2.4.4.ii]) that there is a lifting ¢ of ¢ to the dagger algebra Af. This implies
that there are strict neighborhoods U’ C U” and a map ¢: U’ — U" whose
reduction is ¢. It follows that (¢,¢) defines a map of the rigid triples from
(X, X, P) to itself. Using Proposition 4.9 we therefore obtain a commutative
diagram

4

[ ) *
ALK > Q% g

oL
Rl 1ig (Xr/K) — Rl5ig (Xx/K),

where the vertical maps are (generalized) quasi-isomorphisms.
Now choose any de Rham datum Xg — Y for Xx. By Hodge theory
[Del71a, Corollaire 3.2.13.ii] we see that the space

(X /K )iog = HO(Y, Uy (log(Y — X))
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is independent of the choice of Y and is isomorphic to Fil' Hig(Xx/K) =
HY(Y, Q7 (log(Y — Xk))).

PROPOSITION 10.1: Let X and ¢ be as above.
1. There is a canonical isomorphism

(10.1)

Hio(X,1) = lig {(w, h): w € (X i/ K 1o,

k
o"\*
he Qg /A2, dh= (1 - <q—> )w}

where we abusively identified w with its image in QiA, k- The connecting
map between level k and level km is given by

(10.2) ( Z (¢*/q")* )
=0

2. The cup product HE (X,i) x H (X,j) — HL (X, i+ j) is given in level
k by the formula

(w1, k1) U (w2, ha) "—'(wl A ws,

(10.3) hi A (v + (=) (%) k) ws
+(=1)F (((1 )+ (‘i—)k) w1> A hz).

3. When ¢ > reldim X the isomorphism H:lgl(Xn/K) — H: (X,i) of (8.5) is
given by the formula

ue Hflgl( «/K) C QAf K/dQAt K ((Ov (1- (¢*/qi)k)u))k>0~

Proof: Using Lemma 3.4 (see also Remark 5.2) we find a map

Cone (1 - (g)k: P(Y, 925 (log(Y — X)) - Q;,,K) 1]

*

— Cone <1 - (‘g—n)k: Fil" Rl 4r (Xx/K) — RFrig(X/K)>[—1].

Writing out the long cohomology sequences we saw that the maps on rigid
cohomology are always isomorphisms, and Hodge theory shows that the maps
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I'(Y, Q{,/K(log(Y - Xk))) — Fil' H;(Xk/K) are isomorphisms for j = 4,1 — 1
(for ¢ — 1 both sides are 0). It follows that the map on the degree i cohomology
is an isomorphism and together with (8.3) the first part follows. The second
part follows easily from Remark 8.7.2. The last part is straightforward (compare
Remark 8.7.3). |

In precisely the same situation we can also compute the modified Gros style
syntomic cohomology. Since X is already smooth in a neighborhood of X the in-
duced filtration on the complex of differential is obtained by equating the terms
of low degree to 0. The proof of proposition 1.10 in [Ber97] also gives that
Fil% Rl g (X« /K)x 5 is quasi-isomorphic to Qi? - This makes the next propo-
sition obvious.

PRrOPOSITION 10.2: Let X and ¢ be as above. There is a canonical isomorphism

Hipg(X,5) 2 limy {(w,h): w € Qs s
k

«\ k
(10.4) he Qigl /AR, dh= (1 _ (‘z—) > w},

and the connecting maps and cup products are given by exactly the same formulas
as in Proposition 10.1. The map H: (X,i) — Hi(X,i) is simply given by
sending (w, h) to (w,h), where w is seen as an algebraic form with logarithmic
singularities on the left and as a rigid form on the right.

PROPOSITION 10.3: For X = Spec(A), ¢ and ¢ as above, the composed map

1
A% 5 Ky(X) —> HX,(X,1)

is given as follows: Let f € A* and let f be its reduction. As f is defined
over some finite field, there is some power of , say ¢*, of degree g*, such that
Foy* = Fi*. It follows that f o ¢* = F7  (mod p) and therefore that the rigid

function .

9

fogk

satisfies log fo € Q‘/’“ k- With all that, under the isomorphism (10.1) the coho-
mology class c}(f) is given in degree k by

(dlog f 1—075#) .

foi=
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The exact same result is true with H,,g replaced by His.

Proof: First we notice that the last statement of the proposition follows immedi-
ately by Proposition 10.2. Conversely, by Lemma 9.6 and the fact that Hy,s Chern
classes map to de Rham Chern classes under H} (X,1) & F'H}g (Xk/K), the
proposition will be true for Hyy if it is true for ﬁms, and moreover this equiv-
alence is true for each X and ¢ separately. Next one easily checks that the
statement of the proposition is compatible with the transition maps (10.2). This
means that by replacing ¢ by ¢* we may always assume k = 1. We will abuse
the notation to write c1(f) for the component of the regulator in the k = 1 level
of the direct limit, which is defined under our assumption. We start with the
case X = G, (so A=V[T,T71)), f =T and ¢ is defined by ¢*(T) = T. Since
the modified syntomic Chern class lifts the de Rham Chern class, which for T is
just dlog T, we see that

1
ci(T) = (h,dlogT), where dh = dlogT — adlog ¢*(T) = 0.

The proposition in this case amounts to the statement that h = 0. To see this
we use the involution 7: A — A defined by 7(T) = T~1. As the Chern class is
functorial, and as 7 commutes with ¢, we see that

(T~ = 7*(h,dlog T) = (v*h,7* dlog T) = (h, — dlog T).

As c} is a group homomorphism, we have (0,0) = c}(T~! - T) = (2h,0), which
proves what we wanted in this case. Tt follows that in this case the proposition is
also proved for Hyo (note, however, that the proof would not have worked if we
used Hps directly because knowing the cohomology class of w is not sufficient to
determine it uniquely without the assumption of log singularities).

Now we prove the proposition for a general X and ¢ on His, hence again for
H,, as well. Let Y = X x P! and let X be the closure of the image of X in
Y under the map z — (z, f(z)). Then (:):(:, Y) give data for the computation of
HL.(X,1). Let U’ C Xk be a strict neighborhood of ]Xn[? on which ¢ and fo
are defined. Let U be a strict neighborhood of | X[y in ]7,.; [¢ contained in the
preimage of ]?m [¢ (U’ X Gy, ) under the map (z,T) +— (¢(z), T9). The existence
of such a U is guaranteed by Lemma 4.3 and the assumption that on X, we have

flo(z)) = (f(z))2. Then HL (X,1) is realized as the first cohomology of the
complex

(10.5) Cone(1 — ¢*/q: RD(U, 51 Fi]%ﬂ{,) - RO, 51Qp)).
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The projection from U to the X component induces the identity map from (10.4)
to this cohomology. The projection to P! similarly induces f*. To prove the
proposition it is therefore enough to prove that the pullback of (dlog £, log(fo)/q)
under the first projection is the same as the pullback of (dlog T, 0) under the sec-
ond projection, and it is enough to do this on the cohomology of giobal sections,
i.e., with T" replacing RT in (10.5), because both maps factor through this group.
It thus remains to show that (dlog(f(z)),log(fo(z))/q) — (dlogT,0) = d(H) =
(dH, (1 - ¢*/q)H), with H a rigid function defined on some strict neighborhood
contained in U and vanishing on the set {(z,T): f(z) = T}. It is easy to see that
the function H(z,T) = log(f(z)/T) works and this completes the proof. 1

Remark 10.4: In the second part of the proof the use of the Gros style
cohomology is essential.
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